




















RUIPU BAI, WEIWEI GUO, LIXIN LIN, AND YAN ZHANG
Abstract. The n-Lie bialgebras are studied. In Section 2, the n-Lie coalgebra with rank r is
defined, and the structure of it is discussed. In Section 3, the n-Lie bialgebra is introduced.
A triple (L, µ,∆) is an n-Lie bialgebra if and only if ∆ is a conformal 1-cocycle on the n-Lie
algebra L associated to L-modules (L⊗n, ρµs ), 1 ≤ s ≤ n, and the structure of n-Lie bialgebras
is investigated by the structural constants. In Section 4, two-dimensional extension of finite
dimensional n-Lie bialgebras are studied. For an m dimensional n-Lie bialgebra (L, µ,∆), and
an adµ-invariant symmetric bilinear form on L, the m + 2 dimensional (n + 1)-Lie bialgebra is
constructed. In the last section, the bialgebra structure on the finite dimensional simple n-Lie
algebra An is discussed. It is proved that only bialgebra structures on the simple n-Lie algebra
An are rank zero, and rank two.
1. Introduction
For a given algebraic structure determined by a set of multiplications and a set of relations
among the operations, a bialgebra structure on this algebra is obtained by a corresponding set
of comultiplications together with a set of compatibility conditions between the multiplications
and comultiplications [7, 10]. A Lie bialgebra [8] consists of a Lie algebra (L, [, ]) and a Lie
coalgebra (L,∆), where [, ] : L∧L → L is a Lie bracket, ∆ : L → L∧L is a Lie comultiplication,
and the compatibility condition between the Lie bracket [, , ] and the Lie comultiplication ∆ is
∆([x, y]) = (adx ⊗ 1 + 1 ⊗ adx)∆(y) − (ady ⊗ 1 + 1 ⊗ ady)∆(x), ∀x, y ∈ L.
We know that Lie bialgebra is very important, one reason for it is the Lie bialgebra has a
coboundary theory, which leads to that the construction of Lie bialgebras has close relation
with the solutions of the classical Yang-Baxter equation.
In paper [1], authors studied local cocycle 3-Lie bialgebras (A, µ,∆), and defined 3-Lie clas-
sical Yang-Baxter equation (3-Lie CYBE)
[[r, r, r]] = 0, r =
∑
i
xi ⊗ yi ∈ A ⊗ A.




xi ⊗ yi ∈ A ⊗ A be a solution of 3-Lie classical Yang-Baxter equation associated to
3-Lie algebra (A, µ), then (L, µ,∆) is a local cocycle 3-Lie bialgebra, where ∆ : A → A ⊗ A ⊗ A
defined by for all x ∈ A,
∆(x) = ∆1(x) + ∆2(x) + ∆3(x),
where ∆1(x) = ∑
i j
([x, xi, x j]⊗ y j ⊗ yi, ∆2(x) = ∑
i j
yi ⊗ [x, xi, x j]⊗ y j, ∆3(x) = ∑
i j
y j ⊗ yi ⊗ [x, xi, x j].
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Also Manin triples and matched pairs of 3-Lie algebras and double construction 3-Lie bial-
gebras are introduced in [1]. It is proved that the double construction 3-Lie bialgebras can be
regarded as a special class of local cocycle 3-Lie bialgebras.
In paper [2], the 3-Lie bialgebra (L, µ,∆) is discussed, the structure of it is different to the
local cocycle 3-Lie bialgebras introduced in paper [1], it is a special class of local cocycle 3-Lie
bialgebras in the case ∆1 = ∆2 = 0. In [2], structures of 3-Lie bialgebras are described by
the structural constants, and the complete classification of 3-dimensional 3-Lie bialgebras are
provided.
In this paper, we study the finite dimensional n-Lie bialgebras over a field F of characteristic
zero. In section 2, we discuss the finite dimensional n-Lie coalgebras. In section 3, we study the
structure of finite dimensional n-Lie bialgebras. In section 4, we investigate the two dimensional
extension of finite dimensional n-Lie bialgebras. In section 5, we study n-Lie bialgebra structure
on the simple n-Lie algebra An over the field of complex numbers.
In the paper, we suppose that F is a field of characteristic zero, Z is the set of integers, and
Z
+ ⊂ Z is the set of all positive integers.
For i1, · · · , in, j1, · · · , jn ∈ Z+, the determinant
∣∣∣∣∣∣∣∣∣
δi1 j1 · · · δin j1
...
...
δi1 jn · · · δin jn
∣∣∣∣∣∣∣∣∣ is simply denoted by
i1···in
j1··· jn ,
where δi j is the Kronecher symbol.
Let V be a vector space, V∗ be the dual space of V . For all x1, · · · , xn ∈ V∗ and v1, · · · , vn ∈ V ,
〈x1 ⊗ · · · ⊗ xn, v1 ⊗ · · · ⊗ vn〉 = 〈x1, v1〉 · · · 〈xn, vn〉,
where 〈xi, vi〉 = xi(vi), 1 ≤ i ≤ n.
For a vector space V and s, n ∈ Z+, the (2n − 1)-ary linear map ωs : V⊗(n−1) ⊗ V⊗n →
V⊗(n−1) ⊗V⊗n is defined as follows, for all v1, · · · , vn−1, u1, · · · , un ∈ V , and x1, · · · , xn−1, y1, · · · ,
yn ∈ V∗,
(1) 〈 x1 ⊗ · · · ⊗ xn−1 ⊗ y1 ⊗ · · · ⊗ yn, ωs(v1 ⊗ · · · ⊗ vn−1 ⊗ u1 ⊗ · · · ⊗ un) 〉
= 〈 ω∗s(x1 ⊗ · · · ⊗ xn−1 ⊗ y1 ⊗ · · · ⊗ yn), v1 ⊗ · · · ⊗ vn−1 ⊗ u1 ⊗ · · · ⊗ un 〉
= 〈y1 ⊗ · · · ⊗ ŷs ⊗ · · · ⊗ yn ⊗ x1 ⊗ · · · ⊗ xn−1 ⊗ ys, v1 ⊗ · · · ⊗ vn−1 ⊗ u1 ⊗ · · · ⊗ un 〉,
where V∗ be the dual space of V , and ω∗s : V∗⊗n−1 ⊗ V∗⊗n → V∗⊗n−1 ⊗ V∗⊗n is the dual mapping
of ωs.
2. n-Lie coalgebra
An n-Lie algebra (L, µ) [6] is a vector space L over F endowed with an n-multilinear multi-
plication µ : A⊗n → A satisfying that for all xi1 , · · · , xin−1 , x j1 , · · · , x jn ∈ L,
(2) µ(x1, · · · , xn) = sign(σ) µ(xσ(1), · · · , xσ(n)),
(3) µ(xi1 , · · · , xin−1 , µ(x j1 , · · · , x jn)) =
n∑
s=1
(−1)n−sµ(x j1 , · · · , x̂ js , · · · , x jn , µ(xi1 , · · · , xin−1 , x js)),
where σ ∈ S n and the symbol x̂ js means that x js is omitted. In the case n ≥ 3, the identity Eq.(3)
is usually called n-Jacobi identity, or Filipov identity.
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The Eq.(2) and Eq.(3) can be respectively described as follows
(4) µ(1 − τ) = 0,






where 1 is identity, ωs is defined as Eq.(1), for 1 ≤ s ≤ n, and τ : L⊗n → L⊗n is defined as for
all xi1 , · · · , xin ∈ L,
τ(xi1 ⊗ xi2 ⊗ · · · ⊗ xin) = sign(σ)xiσ(1) ⊗ xiσ(2) ⊗ · · · ⊗ xiσ(n) ,∀σ ∈ S n.
We give the definition of n-Lie coalgebras.





(−1)n−sωs)(1 ⊗ 1 ⊗ · · · ⊗ 1︸            ︷︷            ︸
n−1
⊗∆)∆ = 0,
where 1 is identity, and ωs is defined as Eq.(1) for 1 ≤ s ≤ n.
In Eq.(6), the linear mapping 1 ⊗ · · · ⊗ 1 ⊗ ∆ : L⊗n → L⊗2n−1 satisfies that, for all xk ∈ L and
xl1 , · · · , xln−1 , xs1 , · · · , xsn ∈ L∗,
(7) 〈xl1 ⊗ · · · ⊗ xln−1 ⊗ xs1 ⊗ · · · ⊗ xsn , (1 ⊗ · · · ⊗ 1 ⊗ ∆)(x1 ⊗ · · · ⊗ xn)〉
= 〈xl1 ⊗ · · · ⊗ xln−1 ⊗ xs1 ⊗ · · · ⊗ xsn , x1 ⊗ · · · ⊗ xn−1 ⊗ ∆(xn)〉
= 〈xl1 ⊗ · · · ⊗ xln−1 ⊗ ∆∗(xs1 , · · · , xsn), x1 ⊗ · · · ⊗ xn〉.
For describing the structure of n-Lie coalgebras, we need structural constants of n-Lie alge-
bras.
Let (L, µ) be an m-dimensional n-Lie algebra with a basis x1, x2, · · · , xm. Suppose
(8) µ(xi1 , · · · , xin) =
m∑
k=1
cki1 ···in xk, 1 ≤ k ≤ m, 1 ≤ i1, · · · , in ≤ m.
By Eq.(4), cki1 ···in satisfies that
(9) cki1···in = sign(σ)ckiσ(1)iσ(2)···iσ(n), ∀σ ∈ S n, 1 ≤ i1, i2, · · · , in ≤ m.
For all 1 ≤ i1, · · · , in−1 ≤ m and 1 ≤ j1, · · · , jn ≤ m,


















(−1)n−sµ(x j1 , · · · , x̂ js , · · · , x jn ,
m∑
t=1
cti1 ···in−1 js xt)














(−1)n−scti1 ···in−1 js ckj1··· js−1 js+1 ··· jnt xk,











(−1)n−scti1 ···in−1 js ckj1··· js−1 js+1 ··· jnt = 0.
This shows the following result.
Theorem 2.2. Let L be a vector space with a basis x1, x2, · · · , xm, the n-ary linear multiplication
µ : L⊗n → L be defined as Eq.(8). Then (L, µ) is an n-Lie algebra if and only µ satisfies Eq.(9)
and Eq.(10).
Theorem 2.3. Let L be a vector space over a field F, ∆ : L → L⊗n be a linear map. Then (L,∆)
is an n-Lie coalgebra if and only if (L∗,∆∗) is an n-Lie algebra.
Proof. Let L∗ be the dual space of L, x1, · · · , xm be the dual basis of x1, · · · , xm, that is, 〈xi, x j〉 =
δi j, 1 ≤ i, j ≤ m. Let ∆∗ : L∗⊗n → L∗ be the dual mapping of ∆, that is, for all y1, · · · , yn ∈ L∗,
and x ∈ L,
(11) 〈y1 ⊗ · · · ⊗ yn, ∆(x)〉 = 〈∆∗(y1, · · · , yn), x〉.
Suppose
∆











k xi1 ⊗ · · · ⊗ xin , 1 ≤ i1, · · · , in ≤ m, 1 ≤ k ≤ m.
Then for all 1 ≤ i1, · · · , in ≤ m, 1 ≤ j ≤ m,








〈∆∗(xi1 , · · · , xin), x j〉 = 〈xi1 ⊗ · · · ⊗ xin ,∆(x j)〉





j (x j1 ⊗ · · · ⊗ x jn〉 = ai1···inj ,
we obtain that
(13) ai1···ink = cki1 ···in , 1 ≤ i1, · · · , in ≤ m, 1 ≤ k ≤ m.
Therefore, the result holds.

In fact, if (L,∆) is an n-Lie coalgebra, by Eq.(13) and Eq.(6), for all 1 ≤ l1 < · · · ln−1 ≤ m and
1 ≤ s1 < · · · < sn ≤ m,
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〈 xl1 ⊗ · · · ⊗ xln−1 ⊗ xs1 ⊗ · · · ⊗ xsn , (1 ⊗ · · · ⊗ 1 ⊗ ∆)∆(xk) 〉
= 〈 xl1 ⊗ · · · ⊗ xln−1 ⊗ xs1 ⊗ · · · ⊗ xsn , (1 ⊗ · · · ⊗ 1 ⊗ ∆)
( ∑
i1 ···in
ai1···ink xi1 ∧ · · · ∧ xin
)
〉



































= 〈 xl1 ⊗ · · · ⊗ xln−1 ⊗ xs1 ⊗ · · · ⊗ xsn ,
n∑
r=1
















































(−1)n−rcks1 ···sr−1 sr+1···sntctl1 ···ln−1sr .
Therefore, (L∗,∆∗) is an n-Lie algebra.
Let (L,∆) be an n-Lie coalgebra. If the dimension of the derived algebra L∗1 of n-Lie algebra
(L∗,∆∗) is r, then n-Lie coalgebra (L,∆) is referred to as an rank r, and is denoted by R(∆) = r.
Definition 2.4. Let (L1,∆1) and (L2,∆2) be n-Lie coalgebras. If there is a linear isomorphism
ϕ : L1 → L2 satisfying that, for all x ∈ L1,
(14) (ϕ ⊗ · · · ⊗ ϕ︸        ︷︷        ︸
n
)(∆1(x)) = ∆2(ϕ(x)),
then (L1,∆1) is isomorphic to (L2,∆2), and ϕ is called an n-Lie coalgebra isomorphism,where





(x1i ⊗ x2i ⊗ · · · ⊗ xni) =
∑
i
ϕ(x1i) ⊗ ϕ(x2i) ⊗ · · · ⊗ ϕ(xni).
Theorem 2.5. Let (L1,∆1) and (L2,∆2) be n-Lie coalgebras. Then ϕ : L1 → L2 is an n-Lie
coalgebra isomorphism from (L1,∆1) to (L2,∆2) if and only if the dual mapping ϕ∗ : L∗2 → L∗1
is an n-Lie algebra isomorphism from (L∗2,∆∗2) to (L∗1,∆∗1), where for ξ ∈ L∗2, v ∈ L1, 〈ϕ∗(ξ), v〉 =
〈ξ, ϕ(v)〉.
Proof. Since (L1,∆1) and (L2,∆2) are n-Lie coalgebras, thanks to Theorem 2.3 (L∗1,∆∗1) and
(L∗2,∆∗2) are n-Lie algebras. If ϕ : L1 → L2 is an n-Lie coalgebra isomorphism, then the dual
mapping ϕ∗ : L∗2 → L∗1 is a linear isomorphism, and for all fk1 , · · · , fkn ∈ L∗2, x ∈ L∗1, by Eqs. (4)
and (11)
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〈ϕ∗∆∗2( fk1 , · · · , fkn), x〉 = 〈∆∗2( fk1 , · · · , fkn), ϕ(x)〉 = 〈 fk1 ⊗ · · · ⊗ fkn ,∆2(ϕ(x))〉
= 〈 fk1 ⊗ · · · ⊗ fkn , (ϕ ⊗ · · · ⊗ ϕ︸       ︷︷       ︸
n
)(∆1(x))〉 = 〈ϕ∗( fk1) ⊗ · · · ⊗ ϕ∗( fkn),∆1(x)〉
= 〈∆∗1(ϕ∗( fk1), ϕ∗( fk2), · · · , ϕ∗( fkn)), x〉.
Therefore, ϕ∗∆∗2( fk1 , · · · , fkn) = ∆∗1(ϕ∗( fk1), ϕ∗( fk2), · · · , ϕ∗( fkn)), that is, ϕ∗ : L∗2 → L∗1 is an
n-Lie algebra isomorphism from (L∗2,∆∗2) to (L∗1,∆∗1).
Similar discussion, we obtain the conversion. The proof is complete. 
Example 2.6. Now we give an example of 3-Lie coalgebra. Let V = M(m, F) be a vector space
of (m × m)-order matrices over a field F. Then V has a basis{




E j j − E j+1, j+1, E =
m∑
i+1
Eii | 1 ≤ j ≤ m − 1
}
,




Ekk ∧ Eik ∧ Ek j, 1 ≤ i , j ≤ m, ∆(E) = 0,
∆(Eii − Ei+1,i+1) =
m∑
k=1
Ekk ∧ Ei,i+1 ∧ Ei+1,i, 1 ≤ i ≤ m − 1.
Then by a direct computation, (V,∆) is a 3-Lie coalgebra.
Example 2.7. Let V be an (n + 1)-dimensional vector space with a basis e1, · · · , en+1. Define
linear map ∆ : V → V⊗n, by
∆(ei) = e1 ∧ · · · ∧ êi ∧ · · · ∧ en+1, 1 ≤ i ≤ n + 1.
Then (V,∆) is an n-Lie coalgebra with rank n + 1.
3. n-Lie bialgebra
In this section we discuss n-Lie bialgebras.
Let (L, µ) be an n-Lie algebra, (V, ρi), i = 1, · · · , l, be representations of (L, µ), and f : L → V
be a linear mapping. If f satisfies that for all x1, · · · , xn ∈ L,
(15) f (µ(x1, · · · , xn)) =
n∑
k=1
(−1)n−kρi(x1, · · · , x̂k, · · · , xn) f (xk),
then f is called an 1-cocycle on L associated to (V, ρi).
If f satisfies that for all x1, · · · , xn ∈ L,





(−1)n−kρi(x1, · · · , x̂k, · · · , xn) f (xk),
then f is called a conformal 1-cocycle on L associated to (V, ρi), 1 ≤ i ≤ l.
Let (L, µ) be an n-Lie algebra, for 1 ≤ s ≤ n, define linear mapping ρµs : L∧n−1 → End(L⊗n),
ρµs = 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
s−1




for all x1, · · · , xn−1, y1, · · · , yn ∈ L,
(17) ρµs (x1, · · · , xn−1) = 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
s−1
⊗adµ(x1, · · · , xn−1) ⊗ 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
n−s
,
ρµs (x1, · · · , xn−1)(y1, · · · , yn) = (1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
s−1
⊗adµ(x1, · · · , xn−1) ⊗ 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
n−s
)(y1, · · · , yn)
= y1 ⊗ · · · ⊗ ys−1 ⊗ µ(x1, · · · , xn−1, ys) ⊗ ys+1 ⊗ · · · ⊗ yn.
We have the following result.
Theorem 3.1. Let (L, µ) be an n-Lie algebra, and ρµs , 1 ≤ s ≤ n are defined as Eq.(17). Then
(L⊗n, ρµs ) for 1 ≤ s ≤ n are modules of n-Lie algebra (L, µ).
Proof. For all x1, · · · , xn−1, z1, · · · , zn−1, y1, · · · , yn ∈ L, and 1 ≤ s ≤ n, by Eq.(17),
[ρµs (x1, · · · , xn−1), ρµs (z1, · · · , zn−1)]
= 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
s−1
⊗[adµ(x1, · · · , xn−1), adµ(z1, · · · , zn−1)] ⊗ 1 · · · ⊗ 1︸   ︷︷   ︸
n−s










(1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
s−1








s (z1, · · · , µ(x1, · · · , xn−1, zt), · · · , zn−1).
ρ
µ
s (µ(y1, · · · , yn), x1, · · · , xn−2)
= 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
s−1
⊗adµ(µ(y1, · · · , yn), x1, · · · , xn−2) ⊗ 1 · · · ⊗ 1︸   ︷︷   ︸
n−s










(−1)n−tρµs (y1, · · · , ŷt, · · · , yn)ρµs (x1, · · · , xn−2, yt).
The result follows.

Now we give the definition of n-Lie bialgebra.
Definition 3.2. An n-Lie bialgebra is a triple (L, µ,∆) which satisfies that
(1) (L, µ) is an n-Lie algebra,
(2) (L,∆) is an n-Lie coalgebra,
(3) ∆ is a conformal qusi-1-cocycle on n-Lie algebra (L, µ) associative to (L⊗n, ρµs ) for s =
1, · · · , n.
From Eq. (16), Definition 3.2 and Theorem 3.1, µ,∆ satisfy that for all, x1, · · · , xn ∈ L,





(−1)n−kρµs (x1, · · · , x̂k, · · · , xn)∆(xk)






(−1)n−k(1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
s−1
⊗adµ(x1, · · · , x̂k, · · · , xn) ⊗ 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
n−s
)∆(xk).
Example 3.3. Let L be an (n+1)-dimensional vector space with a basis x1, x2, · · · , xn+1. Define
linear multiplication µ : L∧n → L, and ∆ : L → L∧n, by
µ(x1, x3, · · · , xn+1) = x1, µ(x2, x3, · · · , xn+1) = x2, and others are zero,
∆(x1) = x3 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1, ∆(x3) = x1 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1, ∆(x j) = 0, j , 1, 3.
Then the triple (L, µ,∆) is an (n + 1)-dimensional n-Lie bialgebra.
In fact, by a direct computation, (L, µ) and (L∗,∆∗) are n-Lie algebras. From
∆µ(x1, x3, x4 · · · , xn+1) = ∆(x1) = x3 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1,
n∑
s=1























(−1)n(1 ⊗ · · · ⊗ 1 ⊗ adµ(x1, x4, · · · , xn+1) ⊗ · · · ⊗ 1)(x1 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1)
= x3 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1.





(−1)n−kρµs (x2, · · · , x̂k+1, · · · , xn+1)∆(xk+1) =
n∑
s=1




(−1)nρµs (x2, x4, · · · , xn+1)(x1 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1) = 0.
For subset {y1, · · · , , yn} is equal to subset {x1, x2, x4, · · · , xn+1},





(−1)n−kρµs (y1, · · · , ŷk, · · · , yn)∆(yk) = 0.
Therefore, (L, µ,∆) is an n-Lie bialgebra.
Now we describe the structure of n-Lie bialgebras by means of structural constants.
Theorem 3.4. Let L be an m-dimensional vector space over a field F with a basis x1, · · · , xm,
µ : L∧n → L and ∆ : L → L∧n be linear maps, and suppose
(19) µ(xi1 , xi2 , · · · , xin) =
m∑
l=1





l xi1 ⊗ · · · ⊗ xin ,
where cli1···in , a
j1··· jn
l ∈ F, 1 ≤ i1, · · · , in, j1, · · · , jn ≤ m, and for all σ ∈ S n,








Then (L, µ,∆) is an n-Lie bialgebra if and only if constants{
cli1 ···in , a
i1 ···in
l | 1 ≤ i1, · · · in, l ≤ m
}







































































































Proof. By Theorem 2.2 and Theorem 2.3, (L, µ) is an n-Lie algebra and (L,∆) is an n-Lie
coalgebra if and only if Eq. (20) and Eq. (21) hold, respectively. For all 1 ≤ i1 < · · · < in ≤ m,

















































ik (xt1 ∧ · · · ∧ xts−1 ∧ xl ∧ xts+1 ∧ · · · ∧ xtn).















































































































































































The proof is complete.

Theorem 3.5. Let (L, µ,∆) be an n-Lie bialgebra. Then the triple (L∗,∆∗, µ∗) is an n-Lie bial-
gebra, and it is called the dual n-Lie bialgebra of (L, µ,∆).
Proof. Since (L, µ,∆) is an n-Lie bialgebra, by Theorem 2.3, (L∗,∆∗) is an n-Lie algebra and
(L∗, µ∗) is an n-Lie coalgebra, where ∆∗ : L∗⊗n → L∗, µ∗ : L∗ → L∗⊗n.
We need to prove that µ∗ : L∗ → L∗⊗n satisfies identity (18), that is, for all f1, · · · , fn ∈ L∗,





(−1)n−kρ∆∗s ( f1, · · · , f̂k, · · · fn)µ∗( fk),
where ρ∆∗s ( f1, · · · , f̂k, · · · fn) = 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
s−1
⊗ad∆∗( f1, · · · , f̂k, · · · fn) ⊗ 1 ⊗ · · · ⊗ 1︸      ︷︷      ︸
n−s
: A∗⊗n → A∗⊗n.
For all x1, x2, · · · , xn ∈ L,
〈µ∗(∆∗( f1, · · · , fn)), x1 ⊗ · · · ⊗ xn〉 = 〈∆∗( f1, · · · , fn), µ(x1, x2, · · · , xn)〉
= 〈 f1 ⊗ · · · ⊗ fn,∆µ(x1, x2, · · · , xn)〉





(−1)n−kρµs (x1, · · · , x̂k, · · · xn)∆(xk)〉.
Suppose that ∆(x1) = ∑
1 j ···n j
y11 j ⊗ · · · ⊗ y
1
n j , where y
1
1 j , y
1
2 j , · · · , y
1
n j ∈ L. Then
〈 f1 ⊗ · · · ⊗ fn,
n∑
s=1
(−1)n−1ρµs (x2, · · · , xn)∆(x1)〉
=〈 f1 ⊗ · · · ⊗ fn,
n∑
s=1
(−1)n−1ρµs (x2, · · · , xn)
( ∑
1 j ···n j










1 j ···n j






1 j ···n j






1 j ···n j

















(−1)−s−1 〈ad∆∗( f1, · · · , f̂s, · · · , fn)ad∗µ(x̂1, x2, · · · , xn)( fs), x1〉.
Then we have















































(−1)n−s〈ρ∆∗k ( f1, · · · , f̂s, · · · , fn)µ∗( fs), x1 ⊗ · · · ⊗ xk ⊗ · · · ⊗ xn〉.
The identity (24) holds. The proof is complete. 
Corollary 3.6. Let L be an m-dimensional vector space over a field F with a basis x1, · · · , xm,
µ : L∧n → L and ∆ : L → L∧n be linear maps, and suppose
µ(xi1 , xi2 , · · · , xin) =
m∑
l=1





l xi1 ⊗ · · · ⊗ xin ,
where cli1···in , a
j1··· jn
l ∈ F, 1 ≤ i1, · · · , in, j1, · · · , jn ≤ m. and constants{
cli1 ···in , a
i1 ···in
l | 1 ≤ i1, · · · in, l ≤ m
}



























Proof. The result follows from Theorem 3.4 and Theorem 3.5 directly.

Definition 3.7. Two n-Lie bialgebras (L1, µ1,∆1) and (L2, µ2,∆2) are called equivalent if there
exists linear isomorphism f : L1 → L2 such that
(1) f : (L1, µ1) → (L2, µ2) is an n-Lie algebra isomorphism, that is, for all x1, x2, · · · , xn ∈ L1,
fµ1(x1, x2, · · · , xn) = µ2( f (x1), f (x2), · · · , f (xn)).
(2) f : (L1,∆1)) → (L2,∆2) is an n-Lie coalgebra isomorphism, that is, for all x ∈ L1,
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( f ⊗ · · · ⊗ f︸       ︷︷       ︸
n
)∆1(x) = ∆2( f (x)).
For a given n-Lie algebra (L, µ), in order to find all the n-Lie bialgebra structures on L, we
should find all the n-Lie coalgebra structures on L which are compatible with the n-Lie algebra
L. Although n-Lie coalgebra (L,∆1) is isomorphic to n-Lie coalgebra (L,∆1), but it may leads
to a different n-Lie bialgebra structures on (L, µ), that is, the n-Lie bialgebras (L, µ,∆1) and
(L, µ,∆2) may not be equivalent.
Example 3.8. Let (L, µ) be an (n + 1)-dimensional n-Lie algebra with a basis x1, x2, · · · , xn+1,
(L,∆i) for i = 1, 2, 3 be n-Lie coalgebras, where the multiplication µ : L∧n → L, and ∆i : L →
L∧n are as follows:
{
µ(x2, x3, · · · , xn+1) = x1,
µ(x1, x3, · · · , xn+1) = x2.
∆1(x1) = x1 ∧ x3 ∧ x4 ∧ · · · ∧ xn+1,
∆1(x2) = x2 ∧ x3 ∧ x4 ∧ · · · ∧ xn+1,
∆1(x j) = 0, j ≥ 3;
∆2(x1) = x1 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1,
∆2(x3) = x3 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1,
∆2(x j) = 0, j , 1, 3;
∆3(x2) = x2 ∧ x1 ∧ x4 ∧ · · · ∧ xn+1,
∆3(x3) = x3 ∧ x1 ∧ x4 ∧ · · · ∧ xn+1,
∆3(x j) = 0, j , 2, 3.
Define linear isomorphism ϕ12, ϕ13, ϕ23 : L → L by
ϕ12(x1) = x1, ϕ12(x2) = x3, ϕ12(x3) = x2, ϕ12(xi) = xi, 4 ≤ i ≤ n + 1
ϕ13(x1) = x2, ϕ13(x2) = x3, ϕ13(x3) = x1, ϕ13(xi) = xi, 4 ≤ i ≤ n + 1
ϕ23(x1) = x2, ϕ23(x2) = x1, ϕ23(x3) = x3, ϕ23(xi) = xi, 4 ≤ i ≤ n + 1
By a direct computation, we obtain that ϕ12 : (L,∆1) → (L,∆2), ϕ13 : (L,∆1) → (L,∆3),
and ϕ23 : (L,∆2) → (L,∆3) are n-Lie coalgebra isomorphism, respectively. And (L, µ,∆1),
(L, µ,∆2), and (L, µ,∆3) are n-Lie bialgebras.




ai jx j, ai j ∈ F, 1 ≤ i ≤ n + 1.












a11 a12 0 0 · · · 0
da12 da11 0 0 · · · 0
a31 a32 a33 a34 · · · a3(n+1)



















that is, a1k = a2k = 0, 3 ≤ k ≤ n + 1; a11 = da22, a12 = da21, where a211 − a212 , 0,
d =
∣∣∣∣∣∣∣∣∣
a33 · · · a3n+1
...
...
an+13 · · · an+1n+1
∣∣∣∣∣∣∣∣∣ = 1 or − 1.
In the case
σ(x1) = x2, σ(x2) = x1, σ(xl) = xl, ∀3 ≤ l ≤ n + 1,
(that is, a12 = a21 = all = 1, for 3 ≤ l ≤ n + 1, and others are zero), σ is an isomorphism
of n-Lie coalgebra (L,∆2) and (L,∆3). Therefore, n-Lie bialgebras (L, µ,∆2) and (L, µ,∆3) are
equivalent.
We will prove that n-Lie bialgebras (L, µ,∆2) and (L, µ,∆1) are non-equivalent.
In fact, if n-Lie bialgebras (L, µ,∆2) and (L, µ,∆1) are equivalent, then σ is an automorphism




ak jx j) = ak1∆2(x1) + ak3∆2(x3)
= a31x1 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1 + a33x3 ∧ x2 ∧ x4 ∧ · · · ∧ xn+1
= σn(∆1(x3)) = 0.
We obtain that ak1 = ak3 = 0 for all k ≥ 3, therefore, d =
∣∣∣∣∣∣∣∣∣
a33 · · · a3n+1
...
...
an+13 · · · an+1n+1
∣∣∣∣∣∣∣∣∣ = 0. This
contradicts the invert of the automorphism σ.
Therefore, for all n-Lie algebra automorphism σ of (L, µ), σ : (L,∆1) → (L,∆2) is not a
isomorphism of n-Lie coalgebra.
4. Two -dimensional extension of n-Lie bialgebras
In this section, we construct (n + 1)-Lie bialgebras from a known n-Lie bialgebra by two
dimensional extensions [3].
Let (L, µ) be an n-Lie algebra with a basis x1, · · · , xm, B : L ⊗ L → F be a non-degenerate
bilinear symmetric function satisfying adµ-invariant, that is, for all y1, · · · , yn−1, , x, z ∈ L,
(26) B(µ(y1, · · · , yn−1, x), z) + B(x, µ(y1, · · · , yn−1, z)) = 0.
The triple (L, µ, B) is called a metric n-Lie algebra [4].
Lemma 4.1. [3] Let (L, µ) be an m-dimensional n-Lie algebra with a basis x1, · · · , xm. B :
L ⊗ L → F be a non-degenerate bilinear symmetric function satisfying adµ-invariant. Then
( ¯L = L⊕Fx0⊕Fx−1, µ¯) is an (n+1)-Lie algebra, where µ¯ is defined as follows, for all 1 ≤ k ≤ n+1,
(27) µ¯(xi1 , . . . , x0︸︷︷︸
k
, . . . , xin) = (−1)k−1µ(xi1 , . . . , xin), 1 ≤ i1, . . . , in ≤ m;
(28) µ¯(xi1 , . . . , x−1︸︷︷︸
k
, . . . , xin) = 0, 0 ≤ i1, . . . , in ≤ m;
(29) µ¯(xi1 , . . . , xin , xin+1) = B(µ(xi1 , . . . , xin), xin+1)x−1, 1 ≤ i1, . . . , in+1 ≤ m.
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¯B : ¯L ⊗ ¯L → F defined as: for all x, y ∈ L,
(30) ¯B(x, y) = B(x, y), ¯B(x0, x0) = 1, ¯B(x−1, x0) = (−1)n−1,
¯B(x−1, y) = ¯B(x−1, x−1) = ¯B(x0, y) = 0,
is adµ¯-invariant, and ¯B is non-degenerate if and only if B is non-degenerate.
Lemma 4.2. Let (L, µ) be an m-dimensional n-Lie algebra with a basis x1, · · · , xm. Then
( ¯L = L ⊕ Fx0 ⊕ Fx−1, µ¯) is an (n + 1)-Lie algebra, where µ¯ is defined as for all k, 1 ≤ k ≤ n + 1,
(31) µ¯(xi1 , . . . , x0︸︷︷︸
k
, . . . , xin) = (−1)k−1µ(xi1 , . . . , xin), 1 ≤ i1, . . . , in ≤ m;
(32) µ¯(xi1 , . . . , x−1︸︷︷︸
k
, . . . , xin) = 0, 0 ≤ i1, . . . , in ≤ m;
(33) µ¯(xi1 , . . . , xin , xin+1) = 0, 1 ≤ i1, . . . , in+1 ≤ m.
Proof. The result follows from a direct computation. 
Theorem 4.3. Let (L, µ,∆) be an m-dimensional n-Lie bialgebra, elements x0, x−1 be not con-
tained in L, B : L ⊗ L → F be a bilinear symmetric function satisfying adµ-invariant. Then
( ¯L, µ¯, ¯∆) is an (m+ 2)-dimensional (n+ 1)-Lie bialgebra, where ¯L = L⊕Fx0 ⊕Fx−1, µ¯ is defined
as Eqs. (27), (28) and (29), and ( ¯∆)∗ is defined as Eqs. (31), (32) and (33).
Proof. Let {x−1, x0, x1, · · · , xm} be a basis of ¯L, and {x−1, x0, x1, · · · , xm} be the dual basis of ( ¯L)∗.
By Lemma 4.2 and Eq. (13), we can suppose





k x−1 ∧ x j1 ∧ · · · ∧ x jn , 1 ≤ j1 < · · · < jn ≤ m.
Then we need to prove µ¯ and ¯∆ satisfying Eq. (18). So we dived it into four cases.
(1). Let j1 = −1, for all 1 ≤ j2, · · · , jn+1 ≤ m, by Lemma 4.1, we have



























jk x−1 ∧ xl1 ∧ · · · ∧ xln .
Since for all −1 ≤ t1, · · · , tn+1 ≤ m,
ρ
µ¯
s (x−1, x j2 , · · · , x̂ jk , · · · , x jn+1)(xt1 ∧ · · · ∧ xtn+1)






(−1)n+1−kρµ¯s (x j1 , · · · , x̂ jk , · · · , x jn+1) ¯∆(x jk ) = ¯∆µ¯(x−1, x j2 , · · · , x jn+1) = 0.
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(−1)n+1−kρµ¯s (x−1, x0, x j3 , · · · , x̂ jk , · · · , x jn+1) ¯∆(x jk )
= ¯∆µ¯(x−1, x0, x j3 · · · , x jn+1).
(3). For j1 = 0, and 1 ≤ j2, · · · , jn+1 ≤ m, thanks to Eq. (27) and Eq.(34),
¯∆µ¯(x0, x j2 , · · · , x jn+1) = ¯∆µ(x j2 , · · · , x jn+1) = ¯∆
( m∑
t=1




































(−1)n+1−kρµ¯s (x0, x j2 , · · · , x̂ jk , · · · , x jn+1)
( ∑
l1 ···ln































(−1)n+1−kρµs (x j2 , · · · , x̂ jk , · · · , x jn+1)∆(x jk )
)
= ¯∆µ¯(x0, x j2 , · · · , x jn+1), where 1 ≤ l1, · · · , ln ≤ m. Therefore,





(−1)n+1−kρµ¯s (x j1 , · · · , x̂ jk , · · · , x jn+1) ¯∆(x jk ).
(4). For all 1 ≤ j1, · · · , jn+1 ≤ m, by Eq.(29),
¯∆µ¯(x j1 , · · · , x jn+1) = B
(

















s (x j1 , · · · , x̂ jk , · · · , x jn+1)(x−1 ∧ xl1 ∧ · · · ∧ xln),
where 1 ≤ l1, · · · , ln ≤ m.
Since ρµ¯1(x j1 , · · · , x̂ jk , · · · , x jn+1)(x−1 ∧ xl1 ∧ · · · ∧ xln) = 0, and for s ≥ 2,
ρ
µ¯
s (x j1 , · · · , x̂ jk , · · · , x jn+1)(x−1 ∧ xl1 ∧ · · · ∧ xln)
= x−1 ∧ xl1 ∧ · · · ∧ µ¯(x j1 , · · · , x̂ jk , · · · , x jn+1 , xls−1) ∧ xls ∧ · · · ∧ xln
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= B
(
µ(x j1 , · · · , x̂ jk , · · · , x jn+1 , xls
)(x−1 ∧ xl1 ∧ · · · ∧ xls−1 ∧ x−1 ∧ xls+1 ∧ · · · ∧ xln) = 0,
we obtain that





(−1)n+1−kρµ¯s (x j1 , · · · , x̂ jk , · · · , x jn+1) ¯∆(x jk ) = 0.
Therefore, ( ¯L, µ¯, ¯∆) is an (n + 1)-Lie bialgebra. The proof is complete.

From Theorem 3.5 and Theorem 4.3, we have the following result.
Corollary 4.4. Let (L, µ,∆) be an n-Lie bialgebra, elements x0, x−1 be not contained in L,
B : L∗ ⊗ L∗ → F be a bilinear symmetric function satisfying ad∆∗-invariant. Then ( ¯L, µ¯, ¯∆) is
an (m + 2)-dimensional (n + 1)-Lie bialgebra, where ¯L = L ⊕ Fx0 ⊕ Fx−1, ( ¯L, µ¯) is an (m + 2)-
dimensional (n+1)-Lie algebra in Lemma 4.2, and (( ¯L)∗, ¯∆∗) is an (m+2)-dimensional (n+1)-Lie
algebra in Lemma 4.1.
In the case n = 2, let (L, µ,∆) be an m-dimensional Lie bialgebra with a basis x1, · · · , xm,
B : L⊗L → F be an adµ-invariant symmetric bilinear form with B(xi, x j) = bi j ∈ F, 1 ≤ i, j ≤ m.
Suppose
µ(xi, x j) =
m∑
k=1
cki jxk, ∆(xk) =
∑
1≤i1<i2≤m





Then 3-Lie algebra ( ¯L, µ¯) in Lemma 4.1 and ( ¯L∗, ¯∆∗) in Lemma 4.2 with the following multi-
plication
µ¯(xi1 , xi2 , x0) =
m∑
l=−1
cli1i20xl = µ(xi1 , xi2) =
m∑
t=1
cti1i2 xt, 1 ≤ i1, . . . , in ≤ m;
µ¯(xi1 , xi2 , x−1) =
m∑
l=−1
cli1i2(−1)xl = 0, 0 ≤ i1, . . . , in ≤ m;
µ¯(xi1 , xi2 xi3) =
m∑
l=−1
cli1i2i3 xl = B(µ(xi1 , xi2), xi3)x−1 =
m∑
t=1
cti1i2bti3 x−1, 1 ≤ i1, . . . , in+1 ≤ m.
And for −1 ≤ l, j1, j2 ≤ m, 1 ≤ i1, i2, t ≤ m,
c−1j1 j20 = c
0






j1 j2(−1) = 0,


















t, 1 ≤ i1, . . . , in ≤ m;





= 0, 0 ≤ i1, . . . , in ≤ m;





−1≤ j1 j2 j3≤m
a
j1 j2 j3
k x j1 ⊗ x j2 ⊗ x j3 =
∑
(−1)i1i2
ai1i2k x−1 ⊗ xi1 ⊗ xi2 , 1 ≤ i1, i2 ≤ m,
¯∆(x0) = 0, ¯∆(x−1) =
∑
−1≤ j1 j2 j3≤m
a
j1 j2 j3
−1 x j1 ⊗ x j2 ⊗ x j3 = 0.
















t = 0, 1 ≤ t ≤ m.
5. Structures of n-Lie bialgebra (An, µ,∆)
Ling in [9] proved that there exists only one simple n-Lie algebra over the field F of complex
numbers, that is (n + 1)-dimensional n-Lie algebra, is denoted by (An, µ), or simply is denoted
by An. In this section, we study bialgebra structures on the simple n-Lie algebra (An, µ) over the
field F of complex numbers. First we give the classification theorem given in paper [5].
Lemma 5.1. [5] Let A be an (n + 1)-dimensional n-Lie algebra and e1, e2, · · · , en+1 be a basis
of A (n ≥ 3). Then one and only one of the following possibilities holds up to isomorphisms:
(a) If dim A1 = 0, then A is an abelian n-Lie algebra.
(b) If dim A1 = 1 and let A1 = Fe1, then in the case A1 ⊆ Z(A),
(b1). µ(e2, · · · , en+1) = e1.
In the case that A1 is not contained in Z(A),
(b2). µ(e1, · · · , en) = e1.
(c) If dim A1 = 2 and let A1 = Fe1 + Fe2, then
(c1). µ(e2, · · · , en+1) = e1, [e1, e3, · · · , en+1] = e2;
(c2). µ(e2, · · · , en+1) = αe1 + e2, [e1, e3, · · · , en+1] = e2;
(c3). µ(e1, e3, · · · , en+1) = e1, [e2, · · · , en+1] = e2, where α ∈ F and α , 0.
(d) If dim A1 = r, 3 ≤ r ≤ n + 1, let A1 = Fe1 + Fe2 + · · · + Fer. Then
(dr). µ(e1, · · · , eˆi, · · · , en+1) = ei, 1 ≤ i ≤ r, where symbol eˆi means that ei is omitted.
In the case r = n + 1, A is the (n + 1)-dimensional simple n-Lie algebra, which is denoted by
(An, µ), or simply An.
Let ∆ : A → A ∧ · · · ∧ A︸       ︷︷       ︸
n




ai j e1 ∧ · · · ∧ ê j ∧ · · · ∧ en+1, 1 ≤ i ≤ n + 1, ai j ∈ F.
Suppose that A∗ is the dual space of A, and e1, · · · , en+1 is the dual basis of e1, · · · , en+1, that
is, 〈ei, e j〉 = δi j, 1 ≤ i, j ≤ n + 1, and ∆∗ : A∗⊗n → A∗ is the dual mapping of ∆. Then by Eq.(13)
we have
∆
∗(e1, · · · , ê j, · · · , en+1) =
n+1∑
i=1
ai je j, 1 ≤ j ≤ n + 1.
18 RUIPU BAI, WEIWEI GUO, LIXIN LIN, AND YAN ZHANG
Denote
e¯ j = (−1)n+ j+1∆∗(e1, · · · , ê j, · · · , en+1) = (−1)n+ j+1
n+1∑
i=1




that is, bi j = (−1)n+ j+1ai j, 1 ≤ i, j ≤ n + 1. We obtain a matrix B = (bi j)(n+1)×(n+1), and
(e¯1, · · · , e¯n+1) = (e1, · · · , en+1)B.
Lemma 5.2. (A,∆) is an n-Lie coalgebra with R(∆) ≥ 3 if and only if B = (bi j) is a symmetric
matrix with rank R(B) ≥ 3.
Proof. The result follows from Theorem 3 in paper [6], and Theorem 2.3 directly.

Theorem 5.3. The triple (A, µ,∆) (or the pair (An,∆) ) is an n-Lie bialgebra if and only if
R(∆) = 0 ((A∗,∆∗) is abelian), or R(∆) = 2 and (A∗,∆∗) is the n-Lie algebra of type (c3) in
Lemma 5.1
Proof. Since An is the simple n-Lie algebra, by Lemma 5.1,
∆µ(x2, · · · , xn+1) = ∆(x1) =
n+1∑
k=1
a1kx1 ∧ · · · ∧ x̂k ∧ · · · ∧ xn+1
=a11x2 ∧ · · · ∧ xn+1 +
n+1∑
k=2
a1k x1 ∧ · · · ∧ x̂k ∧ · · · ∧ xn+1
=a11x2 ∧ · · · ∧ xn+1 +
n∑
k=1












(−1)n−kρµs (x2, · · · , x̂k+1, · · · , xn+1)(
n+1∑
r=1




























(−1)n−kρµs (x2, · · · , x̂k+1, · · · , xn+1)(
n+1∑
r=2








ak+1k+1 x2 ∧ · · · ∧ xn+1.










a1k = (−1)k+1−1ak1, f or 2 ≤ k ≤ n + 1.
For all 2 ≤ i ≤ n + 1, from
∆µ(x1, · · · , x̂i, · · · , xn+1) = ∆(xi) =
n+1∑
k=1


















(−1)n−kρµs (x1, · · · , x̂k, · · · , x̂i, · · · , xn+1)(
n+1∑
r=1






(−1)n−kρµs (x1, · · · , x̂i, · · · , x̂k+1, · · · , xn+1)(
n+1∑
r=1






(−1)n−kρµs (x1, · · · , x̂k, · · · , x̂i, · · · , xn+1)(
i−1∑
r=1






(−1)n−kρµs (x1, · · · , x̂k, · · · , x̂i, · · · , xn+1)(
n+1∑
r=i






(−1)n−kρµs (x1, · · · , x̂i, · · · , x̂k+1, · · · , xn+1)(
i−1∑
r=1






(−1)n−kρµs (x1, · · · , x̂i, · · · , x̂k+1, · · · , xn+1)(
n+1∑
r=i




akk x1 ∧ · · · ∧ x̂i ∧ · · · xn+1 +
i−1∑
k=1




ak+1k+1 x1 ∧ · · · ∧ x̂i ∧ · · · ∧ xn+1 +
n∑
k=i




akk x1 ∧ · · · ∧ x̂i ∧ · · · xn+1 +
n∑
k=i




aki(−1)i−k−1 x1 ∧ · · · x̂k ∧ · · · ∧ xn+1 +
n+1∑
k=i+1
aki(−1)k+i+1 x1 ∧ · · · x̂k ∧ · · · ∧ xn+1




akk x1 ∧ · · · ∧ x̂i ∧ · · · xn+1 +
n∑
k=i




aki(−1)k−i−1 x1 ∧ · · · x̂k ∧ · · · ∧ xn+1.
We obtain that
















akk, aik = (−1)k−i−1aki, for all 2 ≤ i ≤ n + 1, 2 ≤ k ≤ n + 1.
Summarizing above discussion, we obtain that µ,∆ satisfy Eq.(18) if and only if
(35) akk = 0, ai j = (−1)i+ j+1a ji, ∀ 1 ≤ k ≤ n + 1, 1 ≤ i , j ≤ n + 1.
Therefore, for all 1 ≤ k ≤ n + 1, 1 ≤ i , j ≤ n + 1,
(36) bkk = (−1)n+k+1akk = 0, bi j = (−1)n+ j+1ai j = (−1)n+ j+1(−1)i+ j+1a ji = −b ji,
that is, B is a skew-symmetrix matrix. Then R(B) , 1, and from Lemma 5.2, R(B) ≤ 2. This
shows that there do not exist n-Lie bialgebra structures on the simple n-Lie algebra An with
R(∆) ≥ 3 and R(∆) = 1.
By a direct computation, the only n-Lie bialgebra structures on the simple n-Lie algebra An
are R(∆) = 0, or R(∆) = 2, and in this case, the n-Lie algebra (A∗,∆∗) is the type (c3).

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